Noncommutative QED and Muon Anomalous Magnetic Moment 
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The muon anomalous g value, = {g — 2)/2, is calculated up to one-loop level in noncommutative 
QED. We argue that relativistic muon in E821 experiment nearly always stays at the lowest Landau 
level. So that spatial coordinates of muon do not commute each other. Using parameters of E821 
experiment, B = 14.5KG and muon energy 3.09GeV/c, we obtain the noncommutativity correction 
to is about 1.57 x 10^" , which significantly makes standard model prediction close to experiment. 



I. INTRODUCTION 
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OO I Recently, noncommutative field theory becomes an active subject again maybe because of development of string/M 
theory, in which noncommutative Yang-Mills theory arise in a definite limit of string theory with a nonzero background 
field In this sense noncommutativity is motivated by some profound but beyond the current experiment physics 

thoughts, such as the long-held behef that space-time must change its nature at distances comparable to the Planck 
scale. The idea of noncommutativity of spacetime coordinates, however, is quite old in physics and mathematics. It 
. also relates to some today-observable physics. The classic example (though not always discussed using this language) 
0^ ■ is the theory of electrons in a magnetic field projected to the lowest Landau level, which is naturally thought of as a 
' noncommutative field theory. So far, the theoretical studies on noncommutative field theory have achieved a number 
of results [Q. It was shown that noncommutative quantum field theory exhibits an interesting UV-IR divergence 
mixing and noncommutative gauge theory is renormalizable and gauge invariant at one-loop level at least [^,0. 
, Furthermore, a noncommutative version of standard model is builded There are also some phenomenological 
"*7^ ' studies in framework of noncommutative gauge theory, such as Aharonov-Bohm effect hydrogen atom spectrum 
and the Lamb shift ||l0|] . In this letter, in terms of these studies, we will study the muon anomalous magnetic moment 
^ ' in noncommutative QED. 

The anomalous magnetic moments (AMM's) of electron and muon have been taken as one of the most precise and 
beautiful tests of the validity of quantum field theories like QED and the standard model (SM). They have been 
calculated and measured to extremely high precision, and have always been shown a good agreement each other. This 
situation, however, seems to has been changed recently due to E821 experiment at BNL measuring the anomalous 
' magnetic moment of muon to a precision of 1.3 parts per million (ppm), which gave a deviation from the SM theoretical 
value 

Sttf, = a^(exp) - a^(SM) = 43(16) x lO^^". (1) 

It is 2.6 times the normal deivation ||ll[. This result has been treated as an indication of new physics and caused 
extensive interest in many recent literatures p^ . Meanwhile, the more careful theoretical study in framework of 
SM is still going on |l^ for confirming SM prediction. Besides of these considerations, we should consider the effect 
of environment of measure. Sometimes the environment of measure in experiment not only enters the systematic 
error, but also changes the physics. A simplest example is also for an electron motioning in a (homogeneous, for 
simple) magnetic field. When electron stays at the lowest Landau level, position coordinates of electron which are 
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perpendicular to the magnetic field B do not commute each other (for simple, we assume Bi = B2 = 0, -83 = 
_B= const ant) 

he 

[x\x^]^ze^^—, z,J = l,2. (2) 

It means that electrons in the lowest Landau level should be described by a non-local field theory rather than usual 
local quantum field theory like QED. In usual experiment environment, electron (or muon) is easily excited to higher 
Landau level, and this effect is covered. But when there is large probability that electron (or muon) stays at the 
lowest Landau level, the above effect has to be considered in theoretical prediction. 

Now let us focus on the measure of muon AMM in E821 experiment. There are two main characteristics in E821 
experiment: a homogeneous magnetic field of 14.5KG and highly relativistic muon with energy 3.09Gev/c (7^ — 29.3) 
which dilates lifetime of muon to ~ 64.4/is. However, there is effect of synchronous radiation for circumnutation 
of highly relativistic muon in magnetic field. It forces that muon loses energy ceaselessly and nearly always stays at 
the lowest Landau level. In this sense, muon physics in this situation should be described by a non-local quantum 
field theory (in particular, noncommutative QED) instead of usual QED. In this letter, therefore, noncommutative 
QED will be used to calculate muon AMM in E821 experiment. 

The letter is organized as follows. In sect. 2, the basic notation of noncommutative field theory is reviewed. In 
sect. 3, we calculate the muon AMM in noncommutative QED to one-loop, and correction on muon AMM due to 
noncommutative coordinates is obtained. In sect. 4, we first evaluate the numeric result of the noncommutative 
correction. Then we devote a brief summary. 



II. NONCOMMUTATIVE QUANTUM ELECTRODYNAMICS IN M'^ 

Consider four dimension space-time with coordinates a;^, /i = 0, ...,3 which obey the following commutation rela- 
tions 

[x^',x'']^i6^'\ (3) 

where 9^'^ is a constant asymmetric tensor. In particular, in this letter we focus on only spatial coordinates are 
noncommutative, i.e., 9^'^ = 0, 9^^ ^ 0, i,j — 1,2,3. By noncommutative space-time one means the algebra Ag 
generated by the x^ satisfying (||), together with some extra conditions on the allows expressions of the x^ . The 
elements of Ae can be identified with ordinary functions on A1^, with the product of two functions / and g given by 
the Moyal formula (or star product): 

{f^g){x) = exp[^r''^^]/(a:i)5(x2)U,=.,=. (4) 

A field theory is defined as usual by constructing an action, but replace ordinary product by star product. For 
example, the action of noncommutative quantum electrodynamics (NCQED) is 

S = J d^x{i}*ii^-m)irij + ei>*4.*^p-^F'"'*F^^}. (5) 

This action exhibits an U(l) gauge symmetry, and the gauge field is provided by a real vector function, Afj_{x), on 
Ai^. But field strength Ff^^ for this gauge field now reads Ff^^, = d^A^ — d^A^ — ie[A^^ A^]i,, where = 
[A^ -k Ajj){x) — [Ai, -k A^){x). Thus U(l) noncommutative QED is similar to usual Yang-Mills theory. 

It has been shown that the basic structure of renomalization of noncummutative field theory is rather different 
from usual commutative gauge theory. In other words, the UV properties are controlled by the planar diagrams, 
while nonplanar diagrams generally lead through what is called "UV/IR mixing" |^ to new IR phenomena. The 
limit — ^ in these theories is non-analytic. Meanwhile, pure U(N) noncommutative gauge theory is renormalizable 



'^When electron locates at n*'' Landau level, its wave function m x — y plane reads cx e'''^^/''e~'' ^^H„{a{y — 3/0)) or 

to interchange x and y. Here — eB /he and H„ is Hermite polynomial. Thus xo, yo denote the center of wave package only 
for n = 0. Meanwhile, precisely the commutative relation (^ should be [10,3/0] ~ instead of arbitrary x, y. In classical 
sense, therefore, the coordinates do not commute only when electron stays at the lowest Landau level. 
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and gauge invariant, at least at one-loop level: U(l) case is studied in ref. and general U(N) case is studied 

in refs. |15-18|. In addition, it has been also shown that quantum noncommutative field theory is unitary theory if 
it defines in Euclidean space or noncommutatiivity is purely spatial {9oi — 0) in Minkowski space-time. Therefore, 
noncommutative QED considering by this letter is well-defined even at quantum level. 
The Feynman rules for NCQED (Feynman-'t Hooft gauge) reads [|4| 




i 



ft — m + ie 



+giiu{q2 - qi)a + gua{qi, - 92)/.} 



where pxgfc — Pf^9^'^k,j. Feynman rules for other vertices, such as four-photon vertex and ghost vertex, are independent 
of AMM of fermion. So that we ignore them in this letter. 

III. FERMION VERTEX FUNCTION IN NCQED 

Up to one-loop level, there are two one-particle irreducible diagrams which contribute to fermion vertex function 
(fig. l-(a) and fig. l-(b)). 
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Hp-k) 
(b) 

FIG. 1. One-loop correction to fermion vertex function in NCQED 

Direct calculation shows that contribution from fig. l-(a) is same to usual commutative QED, i.e., there is no 
nonplanar diagrams in fig. l-(a). However, the fig. 2-(a) entirely new. It denotes contribution from noncommutativity 
at one-loop level, and corrects fermion vertex function of usual QED. Since there is additional tensor 0^'^ , general 
Lorentz structure of vertex function is rather complicated in NCQED. Concretely, the formal structure of fermion 
vertex function 5T^ , which is yielded by fig. l-(b), is follow 



^H2a^''q, + T^Hsq'' + imH^^ 
2m Zm 



+H5{p + p'r<i-l + Herq-l, (6) 
where = q^O'^'^, and form factors Hi{i — 1, 6) are function of Lorentz scalars q^, q o q = g pcrq^id'^'' 0'^^ q^ and 



^Our definition on qo q has an opposite sign comparing with some references, since here we use metric (+, 
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p Xgp' . Let us see which form factors will contribute to fermion magnetic moment (we can conveniently take fermion 
rest framework, such that p xg p' = for 6^^ = 0): 

1. Conservation of electromagnetic current requires Hz{q^ — 0,qo q) = 0. Direct calculation will also shows this 
point. 

2. The form factor Hi(q^,q o q) relates to normalization of electronic charge. In other word, if general vertex 
function is 

giPXop'^pM = p^^t^ + other independent terms, 

normalization of electronic charge requires Fi(q^ ~ 0,q o q) — 1, where Fi(q'^ , q ° q) sum all Feynman diagram 
contribution and Hi is included in Fi . 

3. Due to qad'^'^Af^ 9 ■ B for 0"* = 0, the H4 term is independent of fermion spin in non-relativistic limit since 
the bilinear structure u{p')u{p). This term denotes a magnetic mass from effect of noncommutativity ^. 

4. The Hq term can be removed by means of field redefinition 



A, ^ 4 - A, + ^0^-0^„D"Fp.. (7) 

5. Using Dirac equation for external line fermion, we can obtain 

lip' ~p).qpu{p')b'",l"h''u{p) = {p + p'Tu{p')q-ju{p)+4{p xgp')u{p')J^'u{p). (8) 
Then we have 

(p + p'Yu{p')q ■ juip) =4> ie^""'' qyqcru{p')'-ip'-i5u{p). (9) 

It is easy to check that u{p')ji^5u{p) (i — 1,2,3) is independent of fermion spin operator at non-relativistic 
limit, i.e., the indices /i, a in right side of eq. (|^) should be spatial indices. Thus for very slowly varying 
external vector potential, A^'(x) — (0, A'^'(x)), we have 

{p+p'rA^u{p')q-Mp) « e^'e,jkq.qiAk cx ^(9^^^ - a^A^ = 0, (10) 

k 

due to equation of motion of external electromagnetic field. Therefore, the term also does not contribute to 
fermion magnetic moment. 

According to the above analysis, we can conclude that noncommutativity correction to fermion AMM is 

Saf ^ H2{q^ ^O,qoq). (11) 

Applying the Feynman rules in sect. 2, we find, to order a and for small rri^q o g, 

Hiiq' =0,qoq) = -^[-+ In i^l^q o q)] + 0(1), 

H2{q^ = Q,qoq) = -^m\ o ^[In ^^^^ + 27, - i^] + 0{{m\ o qf), (12) 
9o7r 4 6 

H,{q^ = 0, g o g) = -^[In + 27, + 0{m\ o ,), 

where /i is scale factor of dimensional regularization, ~ 0.5772 is Euler constant. The full expression on these form 
factors can be found in ref. p^ . The UV divergence for e — > in Hi is from planar diagram, and IR divergence for 
g o g — > (precisely it should be called "UV/IR mixing") in Hi and i?4 are from nonplanar diagram. Fortunately, 
there is neither UV nor IR divergence in H2 ■ Thus noncommutativity correction to fermion AMM is finite at one-loop 
level. In addition, direct evaluations show that there are no further UV divergence in i/s and iJg, thus NCQED are 
also renormalizable up to one-loop. 



^The many expression of this section can be recasted from one in ref. [^. However, it distinguishes from our discussion that 
authors of ref. UM thought the H4, term should contribute to muon AMM. This difference may be distinguished in future high 
precision experiment on fermion mass. 
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IV. NONCOMMUTATIVITY CORRECTION TO MUON AMM 



Now let us return to muon AMM in E821 experiment. It is convenient to take the homogeneous magnetic field is 
along direction. Then noncommutative parameters 9'^'^ are given by 

9°^ = 0, e'' = 9^^ = 0, 9^^ = -9^^ = 9^^. (13) 

eB 

In particular, in muon rest framework the parameter 9 is dilated to 9 = hc/{eBj^) ~ 5.3 x lO^^^cm^ ~ 1.36 x 
lO^MeV"^, where magnetic induction B ~ lA.bKG, and 7^ — 29.3 is Lorentz factor. 

In microscopic description of interaction between external magnetic field and muon, the dominant effect is that 
very low energy photon is scattered by relativistic muon (inverse Compton scattering), and photon obtain higher 
energy after scattering (synchronous radiation in classical electrodynamics). Since muon always loses energy in this 
mechanism, it stays at the lowest Landau level in the most time. In addition, the inverse Compton scattering tell 
us 53 ~ in muon rest framework (where — {E-y , g) denotes four- moment of incident photon) . Then we have 
g o g ~ 9^E^. It is impossible to exactly evaluate numeric result of noncomniutativity correcion to muon AMM. The 
reason is that we can not know Ej exactly, or rather, E-y distributes in large region. In this sense, the noncommutativity 

correction to muon AMM is statistical. From inverse Compton scattering we have E^ E^"' /j'^, where E^'^ is photon 
energy in synchronous radiation). In addition, the spectrum distribution function of synchronous radiation in — x^ 
plane is well-known 

SR 

NaU^'") ^ ^'"Kl^3{y/2), y = —, (14) 

where K2/3 is the modified Bessel function of the second kind, tOc is critical frequency of synchronous radiation, 

The above equation yields that critical energy of incident photon is E!^ ~ 3heB / (2nif^c) ~ 1.2 x lO^^^MeV, which is 
indeed very small. Then using eq. (p^), we obtain the noncommutativity correction to muon AMM as follow 

(5(1 — ^ 

^ 96^ l^yKli^{yl2)dy 

""384^ ' J,^yKl/,{y/2)dy 

= 1.57x10"^ (16) 

It is surprise that noncommutativity correction makes SM prediction close to experiment, and also is order to 10^^. 

We shall conclude with several remarks. First, our study in this letter is heuristic rather than an ultimate conclusion. 
The quantum mechanics states that, when a charge particle is in the lowest landau level, coordinates of center of its 
wave package (not any spatial coordinates) do not commute. Meanwhile, the noncommutative field theory used by 
this letter has a prior assumption that arbitrary coordinates in different directions fail to commute. Therefore, the 
noncommutative field theory only is an approximate description on single charge particle lying the lowest Landau 
level. We still do not know how to evaluate error bar of the approximation. Of course, the higher energy of particle 
(or the shorter its Compton wave length) is, the better this approximation is. 

Secondly, it is well-known that noncommutativity also originates from decoupling limit of string theory, or it is an 
intrinsic property of spacetime rather than induction of proper background field. This effect, however, will correct 
muon AMM in very tiny order of magnitude. For example, if we assume that length of noncommutativity is smaller 
than classical electron radius, i.e., 9 < 10~^°cm^ = lO^^MeV"'^, the correction to muon AMM will be smaller than 
10"'^^. Indeed, the value of 9 obtained from Lamb shift |]lO| is 9 < lO^^GeV^'^, which is much smaller than our 
evaluation. This large difference can be easily interpreted: In measure of Lamb shift, electron in Hydrogen atom is no 
longer relativistic. It is easily excited to higher Landau level. So that if noncommutativity contributes to Hydrogen 
atom spectrum and Lamb shift, it must have other origination (string theory? or intrinsic property of spacetime?) 
instead of the lowest landau level considered by this present letter. 
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Thirdly, from the second hne of eq. (fi^), we can see that noncommutativity correction to fermion AMM is inde- 
pendent of mass of fermion in relativistic Hmit. It impHes that, if configuration proposed by this letter is right, to 
measure electron AMM in environment of E821 experiment, we will find same correction on electron AMM. This can 
also test whether noncommutative field theory is a good approximation to describe single fermion lying the lowest 
Landau level. 

There are three and four photon vertices in NCQED. However, we should remember that, in our consideration the 
noncommutativity locates in coordinates of position of fermion. So that three and four photon vertices are virtual, 
and only exist in fermionic interaction. It is impossible that all photon are on-shell in these vertices. 

Finally we note that there are some theoretical problems on NCQED needed to be solved: direct renormalization 
calculation and /3 function of NCQED; infrared safety for limit g o q ^ 0, etc. These problems will be studied in 
forthcoming papers. 

The authors acknowledge professor M.M. Sheikh- Jabbari for providing us useful literature on NCQED which is 
very important for our studies. They also thank professors Y.-L. Wu and M. Li for discussions which clarifying some 
physical understanding of our results. This work is supported by NSF of China, 90103002. 
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